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We study electric properties of random resistor networks consisting of resistors of two kinds
numerically, focusing on the power loss across each bond. Tuning the ratio of the resistances r and
their respective fraction α we find that at large r the conductance of the network is dominated
by a few optimal, percolation-like, conducting paths. We demonstrate that the distribution of the
local power losses P is exponential, ∝ exp(−P/〈P 〉), and reveal the spatial distribution of hotspots
concentrating the main part of the dissipated power.
PACS numbers: 73.23.−b, 73.43.Nq, 64.60.ah, 64.60.an, 64.60.aq, 71.30.+h
I. INTRODUCTION
A wide variety of electronic systems that are expected
to be spatially homogeneous by their structural prop-
erties evolve textures comprising distinct phases differ-
ing by their electric properties. Emergence of spatial
inhomogeneity is associated with the simultaneous ex-
istence and competition of different interactions1 such
as quantum electron correlations, Coulomb forces, spin,
electron-phonon, or even elastic.2 Archetypal systems of
this kind are high temperature superconductors and sys-
tems undergoing metal- and/or superconductor-insulator
transition (MIT and SIT).3–6 The latter are character-
ized by separated competing metal or superconductor
and insulating phases.7 The peculiarity of these systems
defining their utmost importance from both, fundamen-
tal and applied viewpoints, is their giant responses to
small perturbations. One exemplary phenomenon, which
is key towards the understanding of metal-insulator- and
superconductor-insulator transitions are current jumps
in the current-voltage characteristics at some threshold
voltage.8 The mechanism of the jumps that mark an
abrupt transition from a high-resistance insulating to a
low-resistance metallic state is thought to be an over-
heating of the electronic system.9,10 However, a stan-
dard overheating description based solely on the averaged
macroscopic material characteristics11 cannot explain the
behavior of the observed current-voltage characteristics.8
It has been long known12 that in an inhomogeneous mate-
rial the current and power loss densities may have strong
spatial variations and that areas with enhanced Joule
heat dissipation, as compared to their neighboring vicin-
ity, appear. These areas are called hotspots and may play
the role of nuclei triggering heat instabilities and cur-
rent jumps. A similar effect is known in vortex physics,
where it was demonstrated that hotspots can cause vor-
tex flow instabilities and corresponding voltage jumps.13
This indicates that the threshold electric properties of
a two-phase medium can be dominated by statistically
rare events of forming hotspots due to inherent inho-
mogeneity rather than average behavior and calls for a
thorough study of this phenomenon. It has already been
known that at the onset of MIT, the currents are concen-
trated along quasi-one-dimensional percolation-type op-
timal paths.14,15 This stimulated extensive studies of sta-
tistical properties of optimal paths and the corresponding
distribution of large currents.16–20 However, properties
and distribution of hot spots remain almost unexplored.
Here we address the question of the occurrence and
spatial distribution of hot spots in a random two-
dimensional two-phase medium. In Sec. II we describe
our model and approach, Sec. III is devoted to the anal-
ysis of current and voltage to show the validity of our
approach, in Sec. IV we give the statistical description of
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FIG. 1. (a) Effective resistance of a L×L diamond grid with
two types of resistors R1 and R2 as function of concentration
α of the first medium (the probability to find resistor R1 in
the grid), where L = 128, R1 = 1, and R2 = rR1 = 10,
102, 103, and 104 For comparison the effective resistance of
a two-dimensional medium with circular inclusions is shown
by circles. (b) Effective resistance of the grid as function of
concentration with r = 103 and different sizes, L = 8, 16, 32,
and 128. Inset: 4×4 diamond grid with two types of resistors,
R1 and R2.
20
0
1
−1
1
(d) r = 102 |p|max = 32.8
C
u
rr
en
t
fl
ow
m
ap
,
i/
|i|
m
a
x
(a) r = 102 |i|max = 13.9 (b) r = 103 |i|max = 44.8
(e) r = 103 |p|max = 67.4 (f) r = 104 |p|max = 77.7
(c) r = 104 |i|max = 101
P
ow
er
m
ap
,
p/
|p|
m
a
x
FIG. 2. (a)–(c) Current maps for a L× L resistor network with L = 128 and fixed distribution of the resistors R1 and R2 at
different ratios r = 102, 103, and 104. At volume fraction α = 0.5 the current flows along the optimal paths similar to those
arising in the bond percolation problem near the threshold (in a percolation problem: r = ∞ and L = ∞). The average size
of current clusters oriented along the applied current axis grows with increasing r. (d)–(f) Power dissipation maps displaying
the sites with enhanced heat emission. One can see the correspondence between the optimal paths map and the distribution of
hotspots, which mostly follow the optimal paths.
hot spots, and we finally summarize our results in Sec. V.
II. MODEL
There have been extensive studies of two-phase me-
dia (TPM), which offer good models of structurally
disordered systems, resulting in the fundamental and
exact expression by Dykhne for the effective resis-
tance of a TPM with equal concentrations α = 1/2
of randomly distributed phases with resistivities R1
and R2 respectively:
21 Reff =
√
R1R2. This expres-
sion follows from the existence of a fixed point of the
duality transformation interchanging phases 1 and 2,
Reff(α,R1, R2)Reff(1 − α,R1, R2) = R1R2. For α 6= 1/2
the effective resistivity of the medium depends on the
realization of disorder and is not of general nature as
in the case of α = 1/2. Considerable efforts have
been made to extend Dykhne’s result onto more gen-
eral situations, in particular for the case of arbitrary
concentrations22–24 and multi-component media. An al-
ternative approach is based on constructing an effec-
tive medium approximation.25 Useful results were de-
rived for a model system comprising spherical conduct-
ing inclusions embedded into the matrix with the differ-
ent conductivity: the resulting effective resistance Reff
of D-dimensional N -phase media is26
∑N
k=1 αk[R
−1
k −
R−1eff ]/[R−1k + (D − 1)R−1eff ] = 0, where αk and Rk
are concentration and resistivity of the kth component,
∑N
k=1 αk = 1, and k = 1 . . .N . At N = 2 and α1 = α2 =
1/2 this expression reduces to Dykhne’s result. For small
deviations of randomly distributed resistivities R from
their average 〈R〉, |〈R2〉 − 〈R〉2| ≪ 〈R〉2, the effective re-
sistance becomes27 Reff = 〈R〉[1−2(〈R2〉−〈R〉2)/3〈R〉2],
where 〈·〉 denotes the spatial average. We will be using
the asymptotic expressions for Reff for verification of our
numerical approach, see, e.g., Fig. 1.
We will study the general case of two-phase media at
arbitrary values of resistance ratio and their mutual con-
centration. To model a statistically isotropic TPM we
employ a random rhombic/diamond two-component re-
sistor network (TCRN) shown in the inset of Fig. 1(b).
On each bond either a resistance R1 or R2 are placed
with concentrations α or 1 − α, respectively. The net-
work is confined between two electrodes, the source and
the drain. The controlling parameters of the TCRN are
the partial fraction α, 0 6 α 6 1, of the resistanceR1 and
the ratio of the respective resistances r = R1/R2. We as-
3sume R1 > R2, such that r > 1. Values of r ≫ 1 and α
near 1/2 mimic to the situation near the MIT.28 Thus,
the overall system is characterized by a L × L resistor
matrix Rnm (elements R1 or R2), where L is a positive
even integer proportional to the linear system size of the
modeled TPM and n,m = 1, . . . , L. A finite voltage V is
applied across the sample. The resulting currents in the
system, Inm, and the total resistance Reff of the system
is found by using Kirchhoff’s circuit laws. Numerically,
we calculate the inverse of a L2 × L2 sparse matrix with
the (2L− 1)2 nonzero elements.
The dependence of the total effective resistanceReff on
the concentration α is shown in Fig. 1(a) for L = 128 and
different resistance ratios r = R2/R1 = 10, 10
2, 103, and
104. The comparison of the different grid sizes L = 8, 16,
32, and 128 at r = 103 is given in Fig. 1(b). Our numer-
ical results for α = 1/2 reproduce Dykhne’s result. For r
deviating not too much from unity, the result of our cal-
culations coincides with the effective resistance obtained
using an analytical derivation for |R1 − R2| ≪ 〈R〉 (not
shown). The effective resistance for a continuous two-
dimensional system with circular inclusions is depicted
by circles in Fig. 1(a). For r . 102 it is in good agree-
ment with the effective resistance of the TCRN; only for
r & 103 the computed effective resistance starts to differ
noticeably from the circular inclusions case.
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FIG. 3. (a) PDF of the currents flowing through individual
resistors, hr,α(i), for volume ratio α = 0.45, resistance ratio
r = 103, and different system sizes L. (b) Current PDF for
different volume ratios α, r = 103, and L = 128 in semiloga-
rithmic scale. (c) Closeup of (b) in linear scale.
Figure 2 shows spatial distribution of current paths
[Figs. 2(a)–2(c)] and power dissipation across particu-
lar bonds [Figs. 2(d)–2(f)]. Colors indicate normalized
values of the current inm = InmLReff/V and power
pnm = PnmL
2Reff/V2 (indices n and m will be omit-
ted in some instances in the text below) for the same
realization of the distribution of the resistances R1 and
R2, but having different resistance ratios r. The system
with equal volume fractions, α = 1/2, corresponds to the
percolation threshold αc = 1/2 at r =∞. For r = 1 (not
shown) the spatial distribution of the current is uniform,
as it should. With increasing r the current flow starts
to concentrate along favorable pathways; for r = 102
the optimal paths are clearly seen, Fig. 2(a). Upon fur-
ther increase of r, only a few preferable paths survive
[Fig. 2(b)], until only a single critical backbone cluster at
r = 104 dominates the current transfer [Fig. 2(c)]. For
large r this backbone cluster clearly coincides with that
of the percolation problem near the percolation thresh-
old. Remarkably, the spots of the enhanced power dissi-
pation form cluster configurations nearly coinciding with
current optimal paths.
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FIG. 4. (a) Voltage PDF hr,α(i) for volume ratio α = 0.45,
resistance ratio r = 103, and different system sizes L. (b) The
same for different volume ratios α, r = 103, and L = 128 in
semilogarithmic scale. (c) Closeup of (b) in linear scale.
4III. CURRENT AND VOLTAGE
DISTRIBUTION
The distribution of the currents flowing through indi-
vidual resistors and the corresponding voltage drops has
been studied in great detail.20,29,30 We use these known
results to validate our model and therefore represents the
first step for the investigation of the dissipated power dis-
tribution. To this end, we introduce dimensionless quan-
tities inm = InmLReff/V and vnm = VnmL/V , where
Vnm = InmRnm. The distributions of current and volt-
age follow, as expected, exponential behavior.18,20 Cur-
rent and voltage PDFs are shown in Figs. 3 and 4, re-
spectively.
In Fig. 3(a) the current PDF hr,α(i) for resistance ra-
tio r = 103, concentration α = 0.45, and different system
sizes L is plotted in semilogarithmic scale. One can see a
large peak at i = 0, which corresponds to inactive zones
with almost zero currents. In small systems one observes
prominent peaks at |i| ∼ 10 − 20, which usually corre-
sponds to the current flowing through optimal paths as
shown in Fig. 2(b). For the absolute values of the current
larger then its peak value, the PDF rapidly drops, i.e.,
one cannot find currents considerably exceeding the aver-
age one in small systems. With increasing system size L,
the peak in the current PDF shifts towards larger abso-
lute values of the current and size effects vanish. The en-
velope curve for L = 128 demonstrates size-independent
exponential behavior for currents shown in the plot. The
dependence on the concentration α is shown in Figs. 3(b)
and 3(c) for r = 103 and L = 128 in semilogarithmic
and linear scales correspondingly. Inspecting the cur-
rent distribution in a large system with resistivity ratio
r = 103, one observes an interesting feature: an apprecia-
ble fraction of resistors (bonds) with a significant num-
ber of resistors, having current flowing in the direction
opposite to globally applied voltage. This is reflected in
the highly meandering character of the optimal current
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FIG. 5. Probability density function (PDF) gr,α(p) of the
normalized power emitted by individual resistors (‘power dis-
tribution’) for different system sizes L on semilogarithmic
scale for α = 0.45 and r = 103. The distribution gr,α(p)
demonstrates exponential behavior, see Eq. (2).
paths and may have far reaching consequences for super-
conducting random networks in the fluctuation regime.
Namely, one can expect that under the conditions, where
non-dissipative currents are possible, close supercurrent
loops will be appearing. These supercurrent loops mark
positions of spontaneously generated vortices due to dis-
order.
The probability density function for voltage drops
kr,α(v) for different system sizes is plotted in Fig. 4(a).
The voltage PDF has exponential tails as well, as shown
by the envelope curve for L = 128. The dependence of
the voltage PDF kr,α(v) on the concentration α is shown
in Fig. 4(c) and 4(d).
IV. POWER LOSS DISTRIBUTION AND HOT
SPOTS
Now, we turn to the main topic of this paper, the in-
vestigation of the distribution of the locally dissipated
power Pnm = I
2
nmRnm. In order to determine the prob-
ability density function (PDF) of the power dissipated
at individual resistors, we first construct a map of the
dissipated power analogous to the map of the current
distribution. Figures 2(d)–2(f) show maps of the dissi-
pated power in the same system and with same ratios r
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FIG. 6. (a) Power PDF gr,α(p) for different concentrations α,
system size L = 128, and resistance ratio r = 103 in semiloga-
rithmic scale. (b) Closeup in linear scale, only the top parts of
the curves are shown, where some of them develop nonmono-
tonic behavior. (c) The slope pr,α of the exponential tail of
the PDF shown in panel (a) as a function of concentration α
for different resistance ratios r.
5as in Figs. 2(a)–2(c). We use the natural normalization
pnm = Pnm/〈P 〉, where 〈P 〉 = V2/ReffL2 is the aver-
age power from individual resistors (or the power emit-
ted from a single resistor in the homogeneous case). At a
smaller ratio r, the dissipated power is distributed nearly
uniformly and is only slightly modulated by small ampli-
tude fluctuations, see Fig. 2(d). Clusters consisting of
the ‘hottest spots paths’ become more pronounced upon
increasing r, similar to clusters in percolation networks.
When the correlation length of this cluster, the linear size
of a cell of connected hotspots, becomes comparable to
the system size L, only the one last critical ‘hot path’ that
traverses the system remains. Note, the configuration of
the hotspot clusters follows those of the current-carrying
clusters, which carry the most of the current.
To carry out the quantitative analysis we consider the
dimensionless power p emitted by individual resistors in
the network, specifically its PDF gr,α(p). It has the fol-
lowing symmetries
gr,α(p) = gr,1−α(p), (1a)
gr,α(p) = g1/r,α(p). (1b)
The size dependence of the PDF gr,α(p) is presented in
Fig. 5 in semi-logarithmic scale. Those results are aver-
aged over 3×105 realizations of resistor distributions with
L = 128, which correspond to 5×109 individual resistors.
One sees that at small system sizes the probability distri-
bution density for finding an element emitting power p,
is non-universal and size-sensitive. Upon increasing the
size L, an universal PDF develops as an envelop curve
converging, as L → ∞, to the generic size-independent
PDF for the TPM for given α and r, having exponential
tails:
gr,α(p) ∝ exp(−p/pr,α). (2)
The power decays over the characteristic scale pr,α, which
defines the slope of the PDF tail and depends on α and r.
Next, we study the dependence of the PDF gr,α(p) on
the concentration α. The results are shown in Fig. 6(a)
as PDFs for different α from 0.1 to 0.5 [the PDFs in
the range from 0.5 to 0.9 are identical due to Eq. (1a)].
Again, we observe exponential behavior for all concentra-
tions. The PDF tail becomes ‘longer’ for larger α in the
range [0 . . . 1/2] and the decay parameter pr,α increases
with increasing α and r. The corresponding dependence
of pr,α on α is shown in Fig. 6(c) for different ratios r.
A closeup of the PDF gr,α(p) near small p in linear scale
is shown in Fig. 6(b). One can see a peak at p = 1 for
small disorder α = 0.1, which remains from the homo-
geneous distribution (α = 0), where the PDF is a single
δ-function, gr,α(p) = δ(1 − p). With increasing disor-
der towards α = 1/2 the number of conducting paths
decreases and the peak at p = 1 disappears.
A set of PDFs gr,α(p) for different ratios r are shown in
Fig. 7. Larger r corresponds to longer tails, see Fig. 6(c).
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FIG. 7. Power PDF gr,α(p) for different resistance ratios r,
concentration α = 0.45, system size L = 128. Longer tail
corresponds to larger r.
V. CONCLUSION
We have studied statistical properties of conducting
paths in two-phase media, which are modeled as ran-
dom resistor networks with two different resistance val-
ues. We found that in the limit of a high ratio of the re-
sistances, which corresponds to strongly disordered two-
dimensional media, the transport across the random re-
sistor network is dominated by percolation-like optimal
paths. We confirmed that the distribution of the currents
carried through these paths follows exponential statistics.
We investigated statistical properties of the hotspot dis-
tribution governing the dissipation of the network and
found that the distribution function of the locally dissi-
pated power is exponential as well. An important im-
plication of the obtained results is that heating instabili-
ties occur exponentially more often in strongly disordered
films than what could have been expected from Gaussian
behavior.
A deep reason for the origin of the exponential distri-
bution is that the optimal current paths are formed in
such a way that Joule losses were minimal. This selec-
tion by optimum is realized on every spatial scale and
results in extreme value statistics for distribution of rel-
evant parameters governing dissipation. In conjunction
with the percolation-like character of the optimal paths
this should give rise to exponential distribution of the
resulting Joule losses.
Our results obtained in the classical limit for resistive
random conducting media can be used as a reference
for future studies of random superconducting films ex-
hibiting a disorder-driven superconductor-insulator tran-
sition. Indeed, in these films the superconducting criti-
cal temperature has noticeable spatial variations. There-
fore, a two-phase description of these films endowed with
6disorder-induced random distribution of critical temper-
atures near the insulating/normal state, could be used
within the framework of a Ginzburg-Landau description.
One can expect the appearance of effective ‘vortex traps,’
which can serve as nuclei for the phase separation near
the superconducting transition, where superconducting
paths form a meandering backbone cluster.
Furthermore, results from the two-phase media model
can serve as input for a full quantum calculation of
a Josephson junction array describing superconducting
films. In practice one can restrict the calculation for
a two-dimensional or three-dimensional system in the
vicinity of the percolation threshold to an effectively one-
dimensional system with the same two-phase distribution
as in the backbone cluster.
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